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Axioms for Correlated Equilibrium

Florian Brandl†

Institute for Microeconomics, University of Bonn

We characterize correlated equilibrium in finite normal-form games. Interpreting

correlated strategies as action recommendations, we show that correlated equilibrium

is the unique solution concept that never recommends a pure-strategy dominated

action, treats payoff-equivalent actions interchangeably, and respects the sure-thing

principle under uncertainty about payoffs and the correlation device. A parallel

characterization identifies coarse correlated equilibrium among solution concepts

that recommend dominant actions whenever they exist and treat payoff-equivalent

actions as strongly interchangeable.

1. Introduction

Public randomization in strategic games induces correlation among the players’ strategies. Such

correlated strategies enable outcomes that are infeasible when players randomize independently.

Game-theoretic analysis can thus draw from a larger pool of solution concepts when describing,

predicting, or explaining outcomes of games. To guide the choice of the solution concept from

among this wide range of possibilities, we take an axiomatic approach: we formulate axioms

that require correlated strategies to be selected coherently across games and determine which

solution concepts satisfy those. We thereby obtain characterizations of correlated equilibrium

and coarse correlated equilibrium. The characterizations clarify which assumptions underlie

each solution concept and can guide which one to use.

In our model, the set of players is fixed, and we consider normal-form games with a finite but

variable set of actions for each player. A correlated strategy is a distribution over action profiles,

interpreted as a correlation device that recommends an action to each player. A solution concept

assigns to each game a set of correlated strategies. Nash equilibrium, correlated equilibrium,

and coarse correlated equilibrium are all examples of solution concepts. The axioms we impose

require that correlated strategies are selected coherently across games and that they respect

rationality.
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Consistency addresses payoff uncertainty. Nature draws payoffs, and each draw yields a

deterministic game. If a correlated strategy is selected for every realization, consistency requires

it to be selected for the lottery over realizations. Rather than model lotteries explicitly, we

identify them with convex combinations of the realized games, replacing random payoffs by

their expectations. In this sense, consistency applies the sure-thing principle of Savage (1954)

to strategic games.

Consequentialism specifies how the solution concept responds when an action is duplicated.

Two actions of a player are clones if every player’s utility is the same under either action, regard-

less of the other players’ actions. In a two-player game, clones correspond to rows or columns

that are identical in both players’ payoff matrices. When we add a clone, consequentialism

allows the probability of any action profile involving the original action to be split in a fixed

ratio between that profile and the profile in which the original action is replaced by its clone; all

other action-profile probabilities stay fixed. Requiring the same ratio across all affected profiles

ensures that recommendations of either clone convey the same information about the other

players’ actions.1

Rationality rules out recommendations of strictly dominated actions: an action profile receives

probability 0 whenever some player’s action is strictly dominated in pure strategies. We also

require the solution concept to be continuous and to return a nonempty, convex set of correlated

strategies in each game. Convex-valuedness keeps mixtures of plausible correlation devices

plausible, so the solution concept does not exclude outcomes that arise from uncertainty about

which device is used. Like consistency, this is another instance of the sure-thing principle.2

In correlated equilibrium, following the recommendation is optimal for a Bayesian expected

utility maximizer. Our main result (Theorem 1) shows that correlated equilibrium is the only

solution concept satisfying these axioms. Equivalently, these axioms are exactly the coher-

ence requirements that pin down correlated equilibrium. In particular, they encode Bayesian

expected-utility maximization.

The second characterization strengthens consequentialism and weakens rationality. Strong

consequentialism drops the fixed-ratio requirement: when an action is cloned, probability can

be split arbitrarily between the original and the clone. Clones can therefore carry different

information about the other players’ strategies. Correlated equilibrium violates strong conse-

quentialism because changing the information carried by a recommendation can make it subop-

timal to follow either clone when recommended. Combined with our other axioms, this yields

an impossibility. Coarse correlated equilibrium, introduced by Moulin and Vial (1978), requires

that each player’s expected utility from always following the recommendation is at least as high

as the utility from committing to a fixed action before observing the recommendation. Because

this incentive constraint does not depend on how probability is split between clones, coarse cor-

1For strategy profiles with independent randomization, consequentialism is weaker than the invariance axiom of

Kohlberg and Mertens (1986), which also allows introducing actions that are convex combinations of existing

ones.
2Section 7 discusses the behavioral implications of the axioms in detail.
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related equilibrium respects strong consequentialism. It violates rationality, however, because

it rules out only unconditional deviations and need not make following the recommendation

optimal after it is observed. On the other hand, it is optimal to commit to dominant actions

whenever they exist, so coarse correlated equilibrium satisfies the weaker form of rationality that

requires dominant actions to be recommended. Our second result (Theorem 2) characterizes

coarse correlated equilibrium as the unique continuous and convex-valued solution concept that

satisfies consistency, strong consequentialism, and weak rationality, and that selects at least one

correlated strategy for each game.

Both results contribute to the recent literature on axiomatic characterizations of solution

concepts. In addition to showing which solution concepts are forced upon us when committing

to a set of axioms, their necessity parts clarify which properties one commits to when using the

characterized solution concept.

2. Related Work

Most axiomatic characterizations for normal-form games treat only uncorrelated strategies, i.e.,

solution concepts that return profiles of independent strategies. The closest work to ours is

Brandl and Brandt (2024), who show that Nash equilibrium is the only total solution concept

satisfying consistency, consequentialism, and weak rationality. Once correlation is allowed, these

axioms no longer pin down a unique concept: Nash equilibrium, correlated equilibrium, and

coarse correlated equilibrium all satisfy them. Their proofs rely on independent randomization

and do not extend to correlated strategies. Sandomirskiy et al. (2025) introduce a narrow

bracketing axiom: if two strategy profiles are selected in two independent games, then their

product profile is selected when the games are played simultaneously.3 They show that any

total solution concept satisfying narrow bracketing, anonymity, rationality, and monotonicity

in expected payoffs is a refinement of Nash equilibrium.

Building on Peleg and Tijs (1996), Norde et al. (1996) characterize Nash equilibrium using

utility maximization in one-player games and a consistency condition that varies the set of

players. Their consistency requires that any strategy profile returned for an n-player game is

also returned for the (n−k)-player game obtained by fixing the strategies of k players. Because

our model keeps the player set fixed and allows correlated strategies, their characterization does

not apply here. Other axiomatic work on Nash equilibrium includes characterizations of pure

Nash equilibrium (Voorneveld, 2019), Nash equilibrium for games with quasiconcave utility

functions (Salonen, 1992), and a choice-theoretic characterization (Crescenzi, 2026).

Brandl and Brandt (2019) consider solution concepts for two-player zero-sum games that

return a set of strategies for a single player instead of strategy profiles or correlated strategies.

They show that returning all maximin strategies is the coarsest such solution concept that

satisfies consistency, consequentialism, and rationality. While we consider two-player zero-sum

3As noted by Sandomirskiy et al. (2025), consistency and consequentialism imply narrow bracketing for uncor-

related strategies.

3



Draft – March 23, 2026

games in our proofs, there is no methodological connection with their work.

Epistemic game theory studies what players need to know about other players to justify Nash

equilibrium. The players’ knowledge is modeled using Bayesian belief hierarchies, which consist

of a game and a set of types for each player; a type includes the action played by this type and a

belief about the types of the other players (Harsanyi, 1967). That is, players have probabilistic

beliefs about other players’ types, but play a deterministic action conditional on their type. A

rational player maximizes their expected payoff given their type. Aumann and Brandenburger

(1995) show that for two-player games, the beliefs of every pair of types constitute a Nash

equilibrium if their beliefs and rationality are mutually known. This result extends to games

with more than two players if the beliefs are commonly known and admit a common prior.

Barelli (2009), Hellman (2013), and Bach and Tsakas (2014) show that the results of Aumann

and Brandenburger (1995) still hold under weaker common knowledge assumptions. Aumann

and Drèze (2008) study the payoff a player can expect in a game with common knowledge

of rationality and a common prior. They characterize rational expectations via correlated

equilibria of an extended game: it is rational to expect a given payoff precisely when it is

a recommendation-contingent expected payoff in some correlated equilibrium of the doubled

game, where each of the player’s actions is replaced by two clones.

The literature on equilibrium refinements takes equilibrium play as given and singles out

equilibria with additional properties. It focuses on equilibria that are strategically stable and

robust with respect to the representation of a game. The closest connection to our work is that

the invariance axiom of Kohlberg and Mertens (1986)—the equilibrium selection only depends

on the reduced normal form of a game—implies consequentialism. The invariance to embedding

condition of Govindan and Wilson (2012) is a further strengthening that also considers variable

sets of agents.

3. Preliminaries

Let U be an infinite universal set of actions, and let F(U) be the collection of nonempty finite

subsets of U . Fix the player set N = {1, . . . , n}. For action sets A1, . . . , An ∈ F(U), write

A = A1 × · · · × An for the set of action profiles. An n-player normal-form game on A is a

function G : A → Rn; player i’s payoff at a ∈ A is Gi(a). A correlated strategy is a probability

distribution on A, and the set of correlated strategies is denoted by ∆(A). Interpret a correlated

strategy p as a signal structure: a joint signal a is drawn from p, and player i observes ai as

a recommendation to play ai. Throughout, action means a pure strategy, strategy a mixed

strategy, and profile a player-indexed vector.

We say that G : A → Rn is a blow-up of G′ : A′ → Rn if G is obtained from G′ by replacing

each action with one or more payoff-equivalent actions. That is, there is a surjection φ =

(φ1, . . . ,φn) : A → A′ with φi : Ai → A′
i such that G = G′◦φ. Thus, actions in φ−1

i (a′i) are payoff-

equivalent copies, called clones, of a′i ∈ A′
i, and G is obtained from G′ by replacing a′i by |φ−1

i (a′i)|
clones. A correlated strategy p ∈ ∆(A) induces a correlated strategy φ∗(p) = p ◦ φ−1 ∈ ∆(A′)
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with φ∗(p)(a
′) =

󰁓
a∈φ−1(a′) p(a) for a′ ∈ A′.4

A solution concept f maps every game G to a set of correlated strategies f(G) on the action

profiles of G. Call f total if f(G) ∕= ∅ for each G, continuous if it is an upper hemi-continuous

correspondence, and convex-valued if f(G) is convex for each G.5

Three common solution concepts are Nash equilibrium, correlated equilibrium, and coarse

correlated equilibrium. A Nash equilibrium is a correlated strategy p ∈ ∆(A) that is a product

distribution of pi ∈ ∆(Ai), i ∈ N , such that (p1, . . . , pn) is a Nash equilibrium of G in the usual

sense.6

A correlated equilibrium is a correlated strategy p ∈ ∆(A) such that for each i ∈ N and

ai, bi ∈ Ai,
󰁛

a−i∈A−i

p(ai, a−i) (Gi(ai, a−i)−Gi(bi, a−i)) ≥ 0

Thus, in a correlated equilibrium, it is optimal for each player to follow their recommendation

when conditioning the distribution of other players’ action profiles on the recommendation.

Nash equilibria are correlated equilibria where the players’ recommendations are independent,

so that conditioning on a player’s recommendation does not change the distribution of other

players’ action profiles.

A coarse correlated equilibrium is a correlated strategy p ∈ ∆(A) such that for each i ∈ N

and bi ∈ Ai,
󰁛

a∈A
p(ai, a−i) (Gi(ai, a−i)−Gi(bi, a−i)) ≥ 0

Each player is weakly better off always following the recommendation than committing ex ante

to a fixed action. Each correlated equilibrium is a coarse correlated equilibrium since the former

demands that deviations are not even profitable after observing the recommendation.

We denote by NE , CE , and CCE the solution concepts that return the set of all Nash

equilibria, correlated equilibria, and coarse correlated equilibria, respectively, for each game.

4. The axioms

Consistency requires that any correlated strategy returned in two games with the same action

sets is also returned in any convex combination of the two games.
4Blow-ups of games also appear in work on equilibrium refinements. The invariance axiom of Kohlberg and

Mertens (1986) uses a more permissive notion of blowing up. There, G′ is a reduced form of G if G′ is

obtained from G by deleting actions that are convex combinations of other actions. Chatterji and Govindan

(2006) connect two refinements of correlated equilibrium—perfect correlated equilibrium and perfect direct

correlated equilibrium (introduced by Dhillon and Mertens (1996)) through blow-ups: every perfect correlated

equilibrium is induced by a perfect direct correlated equilibrium in a blown-up game.
5 f is upper hemi-continuous if for each A ∈ F(U)n, each sequence of games (Gℓ) on A converging to G, each

sequence of correlated strategies (pℓ) with pℓ ∈ f(Gℓ) converging to p, we have p ∈ f(G).
6Since we work with correlated strategies throughout, it is more convenient to view a Nash equilibrium as a

correlated strategy that is the product of independent strategies rather than as a strategy profile consisting

of a strategy for each player.
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Definition 1 (Consistency). A solution concept f satisfies consistency if for any two games

G,G′ on A and any λ ∈ [0, 1],

f(G) ∩ f(G′) ⊆ f(λG+ (1− λ)G′).

Consistency constrains how a solution concept responds to payoff uncertainty. If a correlated

strategy p is returned for both G and G′, then p is also returned for a lottery that chooses

between G and G′. We represent such lotteries by convex combinations, replacing random

payoffs by their expectations. In this sense, consistency applies the sure-thing principle of

Savage (1954) to strategic games. Section 7 analyzes the behavioral content of this axiom and

the others.

In the game theory literature, consistency appears in characterizations of Nash equilibrium

(Brandl and Brandt, 2024; Kalai and Kalai, 2024) and of maximin strategies in two-player

zero-sum games (Brandl and Brandt, 2019).7 Variants of consistency have been considered for

single-player decision problems with uncertainty about the state of nature (see, e.g., Chernoff,

1954; Milnor, 1954; Gilboa and Schmeidler, 2003). Analogs of consistency feature prominently

in axiomatic characterizations in social choice theory, where it relates the choices for different

sets of voters to each other (see, e.g., Smith, 1973; Young, 1975; Young and Levenglick, 1978;

Myerson, 1995; Brandl et al., 2016; Lackner and Skowron, 2021). Harsanyi and Selten (1972)

use a variant of consistency (their Axiom 8) to characterize an extension of Nash’s bargaining

solution to bargaining under uncertainty. The characterization of the Shapley value by Shapley

(1953) also involves an additivity axiom (which he calls law of aggregation) that is similar in

spirit to consistency.

Consequentialism imposes invariance to cloning actions. When an action is replaced by two

payoff-equivalent clones, probability mass can move only between action profiles that differ by

which clone is used; all other action-profile probabilities remain unchanged. This invariance has

two natural interpretations, which lead to different definitions of consequentialism. Consider

the following two games and corresponding correlated strategies.

G′ =

󰀣
1, 0 0, 0

0, 0 1, 0

󰀤
p′ =

󰀥
1
2

1
2

0 0

󰀦
G =

󰀳

󰁅󰁅󰁃

1, 0 0, 0

1, 0 0, 0

0, 0 1, 0

󰀴

󰁆󰁆󰁄 p =

󰀵

󰀹󰀹󰀷

1
3

1
3

1
6

1
6

0 0

󰀶

󰀺󰀺󰀸 p̃ =

󰀵

󰀹󰀹󰀷

1
2

1
6

0 1
3

0 0

󰀶

󰀺󰀺󰀸

Here, G is obtained from G′ by cloning the row player’s first action. Both p and p̃ induce

p′ because each assigns probability 1
2 to the two clones of the action profiles in the first row

of G′. However, p and p̃ distribute probability differently across the two clones. Under p, a

recommendation of either clone induces the same distribution over columns, and therefore the

same belief about the column player’s recommendation; under p̃, the induced beliefs differ.

Under the weaker notion, p is returned for G exactly when p′ is returned for G′. Under the

stronger notion, the same equivalence must also hold for p̃.

7Kalai and Kalai (2024) call the axiom the sure thing principle instead of consistency.
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Suppose G is a blow-up of G′ with surjection φ : A → A′. A correlated strategy p ∈ ∆(A)

is clone-symmetric if for every i ∈ N and ai ∈ Ai there exists α ≥ 0 such that p(ai, a−i) =

αφ∗(p)(φ(ai, a−i)) for all a−i ∈ A−i. Equivalently, any two clones of the same action in G′

either induce the same conditional distribution on A−i or receive probability 0. In the example,

p is clone-symmetric, whereas p̃ is not.

Definition 2 ((Strong) consequentialism). A solution concept f satisfies consequentialism if

for all games G,G′ such that G is a blow-up of G′ with surjection φ and each clone-symmetric

p ∈ ∆(A),

p ∈ f(G) if and only if φ∗(p) ∈ f(G′)

Moreover, f satisfies strong consequentialism if for all games G,G′ such that G is a blow-up of

G′ with surjection φ,

p ∈ f(G) if and only if φ∗(p) ∈ f(G′)

Consequentialism requires that a clone-symmetric correlated strategy is returned in G if and

only if its induced correlated strategy is returned in G′. Equivalently, when adding a clone a′i

of ai of player i, (i) for any α ∈ [0, 1], the probability of any action profile involving ai can be

split among its two clones so that the first clone receives an α fraction of the probability, and

(ii) the probability of any action profile not involving ai remains the same. Strong consequen-

tialism requires that a correlated strategy is returned in G if and only if its induced correlated

strategy is returned in G′. Equivalently, (i’) the probability of an action profile including ai

may be split arbitrarily among its two clones, and (ii) holds. Under strong consequentialism,

the two clones may induce different distributions over the action profiles of the players N \ {i}.
Strong consequentialism implies consequentialism, and consequentialism implies equivariance:

relabeling a player’s actions relabels the returned correlated strategies in the same way (see

Section 7). When restricting to strategies with independent randomization, both notions of

consequentialism agree since such strategies are automatically clone-symmetric.

(Strong) consequentialism appears in the characterizations of Brandl and Brandt (2019, 2024);

Kalai and Kalai (2024) uses the term strategy anonymity. The invariance axioms of Kohlberg

and Mertens (1986) and Govindan and Wilson (2012) strengthen consequentialism by also al-

lowing convex combinations of existing actions. Decision theory uses closely related invariance

conditions as well. For example, consequentialism corresponds to Postulate 6 (cloning a player’s

actions) together with Postulate 9 (cloning Nature’s states, i.e., opponents’ actions) in Chernoff

(1954). Postulate 9 also appears as column duplication (Milnor, 1954) and as deletion of repeti-

tious states (Arrow and Hurwicz, 1972; Maskin, 1979). In social choice theory, Tideman (1987)

introduced independence of clones, a parallel condition for cloning social alternatives (see also

Zavist and Tideman, 1989; Brandl et al., 2016).

Rationality prescribes that actions that are dominated in pure strategies are never played.

Weak rationality is weaker: it requires only that a dominant action is played with positive
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probability. Formally, for ai, a′i ∈ Ai, action ai dominates a′i if Gi(ai, a−i) > Gi(a
′
i, a−i) for each

a−i ∈ A−i. Action ai is dominant if it dominates every other action in Ai.

Definition 3 ((Weak) rationality). A solution concept f satisfies rationality if for each game

G, each p ∈ f(G), each i ∈ N , and each ai ∈ Ai,

if ai is dominated, then p(ai, a−i) = 0 for each a−i ∈ A−i

A solution concept f satisfies weak rationality if for each game G, each p ∈ f(G), each i ∈ N ,

and each ai ∈ Ai,

if ai is dominant, then p(ai, a−i) > 0 for some a−i ∈ A−i

Both axioms refer only to pure-strategy dominance, so they do not constrain how players

evaluate lotteries. They also impose no assumptions about beliefs about opponents’ rationality.

Rationality is equivalent to the strong domination axiom of Milnor (1954) and to Property 5 of

Maskin (1979); it is weaker than Postulate 2 of Chernoff (1954).

5. Results

Correlated equilibrium satisfies consistency, consequentialism, and rationality. In a correlated

equilibrium, each player maximizes expected utility given the recommendation, and these axioms

capture that behavior. Among total, continuous, and convex-valued solution concepts, only CE

satisfies all three axioms.

Theorem 1. CE is the only total, continuous, and convex-valued solution concept that satisfies

consistency, consequentialism, and rationality.

Theorem 1 makes two claims. First, any solution concept satisfying the axioms returns every

correlated equilibrium. Second, any coarsening of CE violates at least one axiom. For example,

NE violates convex-valuedness and CCE violates rationality. The first claim forces the selection

of every correlated strategy consistent with Bayesian expected utility maximization, which de-

fines correlated equilibrium. The second claim rules out coarsenings that admit behavior that

violates Bayes-rationality. Equivalently, the theorem characterizes Bayesian expected utility

maximization. If consequentialism is replaced by strong consequentialism, no solution concept

can satisfy the resulting list of axioms, because CE fails strong consequentialism.

Coarse correlated equilibrium corresponds to players who either commit to a fixed action

ex ante or always follow the recommendation. Equivalently, players maximize expected utility

without updating beliefs about opponents’ strategies after receiving a recommendation. Under

either interpretation, strong consequentialism is natural: if a player commits before observ-

ing the recommendation, or ignores the information it contains, then it does not matter how

probability is split between clones. While coarse correlated equilibrium violates rationality, it

8
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satisfies weak rationality.8 Committing to a dominant action ex ante is always profitable; hence

any coarse correlated equilibrium plays dominant actions with probability 1. The second result

characterizes CCE using strong consequentialism and weak rationality.

Theorem 2. CCE is the only total, continuous, and convex-valued solution concept that satisfies

consistency, strong consequentialism, and weak rationality.

Weak rationality rules out coarsenings of CCE , while refinements of CCE (such as NE and

CE ) tend to violate strong consequentialism. Thus, Theorem 2 characterizes expected utility

maximization when players can choose between committing to a fixed action ex ante and always

following the recommendation.

6. Proof outlines

Throughout this section, fix a solution concept f that is total, continuous, and convex-valued

and satisfies consistency, consequentialism, and weak rationality. The proofs of Theorem 1 and

Theorem 2 extensively use decomposition: write a game as a convex combination of simpler

games with the same equilibrium; then use consistency to conclude that the equilibrium is

selected in the original game. Both theorems rely on two preliminary results.

(i) f returns all pure Nash equilibria in all games (Proposition 1).

(ii) f returns all Nash equilibria in all essentially two-player zero-sum games (Proposition 2).9

In an essentially two-player zero-sum game, two players play a zero-sum game; all other players

are dummies, with constant utility functions and no effect on others’ payoffs.

The proof of Proposition 1 has three steps. First, we show that only those action profiles

can be played that survive iterated restriction to dominant actions: if a player has a dominant

action, remove all their other actions, and recurse. If only a single action profile survives, it

is played with probability 1. Second, any game with a quasi-strict pure Nash equilibrium is

a convex combination of games for which only this action profile survives. The first part and

consistency imply that quasi-strict pure Nash equilibria are played. Third, we extend the claim

to all pure Nash equilibria using continuity.

The proof of Proposition 2 starts from two-player matching-pennies games. They have enough

symmetries to show that the unique mixed Nash equilibrium—the uniform distribution over all

8Consider the two-player game G and correlated strategy p below.

G =

󰀳

󰁅󰁅󰁃

4, 0 0, 0

2, 0 2, 0

3, 0 3, 0

󰀴

󰁆󰁆󰁄 p =

󰀵

󰀹󰀹󰀷

1
2

0
1
4

1
4

0 0

󰀶

󰀺󰀺󰀸

The row player’s second action is dominated by the third, and p is a coarse correlated equilibrium with positive

probability on the second row.
9Proposition 2 proves this statement for games that are zero-sum after a positive affine transformation of one

agent’s utility function, rather than honest zero-sum games. This difference is immaterial for the argument.
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action profiles—is played. Any essentially two-player zero-sum game is a convex combination

of blow-ups of matching pennies games. Together, this gives that the uniform distribution over

all action profiles is played in an essentially two-player zero-sum game whenever it is a Nash

equilibrium. The third step heavily uses consequentialism to extend this statement to Nash

equilibria that are neither uniform nor of full support.

The third part shows that any solution concept that returns all Nash equilibria in essentially

two-player zero-sum games has a stronger property: it returns all correlated equilibria in all

games (Appendix D). At this point, we know that f is a coarsening of CE .

To prove Theorem 1, strengthen weak rationality to rationality. For any correlated strategy

that is not a correlated equilibrium of a given game, we construct a second game with two

properties: the same strategy is a correlated equilibrium, and some action that is played in

equilibrium is dominated in a convex combination of both games. As a coarsening of CE ,

f returns this strategy for the second game, and thus also for the convex combination by

consistency. This contradicts rationality, and shows that f is a refinement of CE .

To prove Theorem 2, assume strong consequentialism in place of consequentialism. The

argument has two parts. First, fix any coarse correlated equilibrium of any game. Strong

consequentialism lets us reduce to a case in which the equilibrium has additional structure.

We then express the game as a convex combination of games for which the same correlated

strategy is a correlated equilibrium. Since f is a coarsening of CE , consistency implies that f

also returns the strategy in the original game, so f is a coarsening of CCE . Second, to show

that f is a refinement of CCE , we use the same type of construction as above, but now produce

a dominant action that is never played, contradicting weak rationality.

7. Discussion

Remark 1 (Independence of the axioms). Theorem 1 and Theorem 2 cease to hold if any

of totality, consistency, (strong) consequentialism, or (weak) rationality are omitted. Moreover,

convex-valuedness is required for Theorem 1. We show this with a series of examples.

(i) Totality: Return all correlated strategies that randomize only over pure Nash equilibria.

This solution concept satisfies continuity, convex-valuedness, consistency, strong conse-

quentialism, and rationality, but it is not total.

(ii) Convex-valuedness: NE satisfies totality, continuity, consistency, consequentialism, and

rationality, but it violates convex-valuedness. Note that NE also violates strong conse-

quentialism, and thus does not prove that convex-valuedness is required for Theorem 2.

(iii) Consistency: Return all correlated strategies that randomize only over action profiles

that survive iterated elimination of dominated strategies. This solution concept satisfies

totality, continuity, convex-valuedness, strong consequentialism, and rationality, but it

violates consistency.

10
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(iv) Consequentialism: Return all correlated strategies that randomize only over action pro-

files for which each player’s action is optimal against uniformly randomizing opponents.

This solution concept satisfies totality, continuity, convex-valuedness, consistency, and

rationality, but it violates consequentialism.

(v) Weak rationality: Return all correlated strategies that maximize the sum of the players’

payoffs. This solution concept satisfies totality, continuity, convex-valuedness, consistency,

and strong consequentialism, but it violates weak rationality.

It is open whether continuity is needed for either result, and whether convex-valuedness is

needed for Theorem 2. An intriguing open question is whether NE and CE are the only

solution concepts that satisfy all axioms in Theorem 1 except for convex-valuedness.

Remark 2 (Equilibrium refinements). In line with Selten’s trembling-hand perfection

(Selten, 1975), various authors have proposed refinements of correlated equilibrium based on

robustness to small trembles (Myerson, 1986; Dhillon and Mertens, 1996; Luo et al., 2022;

Huang et al., 2026). A starting point for future research is to use the axiomatic method to

characterize refinements of correlated equilibrium. In Theorem 1, convex-valuedness and the

consistency axiom force many correlated strategies into the solution sets, ruling out refinements.

Thus, weakening or replacing convex-valuedness and consistency, and jointly strengthening other

axioms (e.g., rationality to admissibility) is a promising direction.

Remark 3 (Behavioral content of the axioms). When interpreted as behavioral conditions,

the axioms take a stance on how players react to recommendations. View the correlated strate-

gies returned by a solution concept as those which a mediator can implement—each player

follows their recommendation. Under this interpretation, the results characterize the imple-

mentable correlated strategies implied by the axioms. Since correlated equilibria are exactly

the implementable outcomes when players are Bayesian expected utility maximizers, the axioms

entail Bayesian expected utility maximization.

(i) Consistency: Whenever a given correlated strategy is implementable for any payoff re-

alization of a random game, it is also implementable for the lottery over games. Since

we treat lotteries as convex combinations of the realizations, consistency is closely tied to

expected utility theory: it replaces payoff uncertainty by expected payoffs. The same logic

underlies the sure-thing principle of Savage (1954): if a decision-maker would choose the

same action in every state, then they choose it when the state is uncertain. Consistency

imposes this sure-thing principle on players.

(ii) (Strong) consequentialism: From a mediator’s perspective, the difference between both

axioms is this. Suppose the mediator can implement a correlated strategy p′ for a game

G′, and G is obtained from G′ by adding a clone of a′i of ai. To implement a correlated

strategy for G, draw an action profile from p′; if i’s action in this profile is ai, toss a coin

to decide whether i’s recommendation is ai or a′i; do not change any other recommenda-

tions. Consequentialism requires that this correlated strategy is implementable for G if

11
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the mediator uses the same coin irrespective of the action profile of i’s opponents. Strong

consequentialism demands implementability even if coins with different biases are used for

different action profiles.

Adding clones is akin to enlarging the mediator’s message space. Consequentialism re-

quires that if two recommendations are payoff-equivalent and informationally equivalent,

then a player follows one if and only if they follow the other. In other words, a player’s

choice is independent of the label of an action. This is compatible with players who up-

date their beliefs about others’ recommendations conditional on their own recommenda-

tion. By contrast, strong consequentialism demands that players follow payoff-equivalent

recommendations even if those induce different beliefs. This forces players to ignore the

information contained in their recommendations, and is in line with committing to an

action ex ante. The two axioms thus differ in what they assume about a player’s arsenal

of behavioral strategies.

(iii) (Weak) rationality: Both axioms state that players prefer higher sure payoffs to lower ones,

and thus avoid assumptions about risk attitudes. Weak rationality allows implementability

even when the mediator sometimes recommends dominated actions. If players can only

choose between following the mediator’s recommendation and committing to a fixed action

ex ante, following can be optimal despite occasional dominated recommendations. When

a dominant action exists, however, the only implementable recommendation is to play it.

Weak rationality is thus more natural than rationality when players have to commit ex

ante.

(iv) Convex-valuedness: It states that any convex combination over implementable correlated

strategies is implementable. Such a convex combination arises if the mediator covertly

tosses a coin to decide from which correlated strategy the recommendations are drawn.

From the players’ perspective, this introduces uncertainty about the distribution of the

other agents’ recommendations. Convex-valuedness is thus another instance of the sure-

thing principle: if a player follows their recommendation for either of two beliefs about

others’ recommendations, they also do so for any mixture of the two beliefs. The difference

from random games is that uncertainty enters through the information about other players

rather than through payoffs.
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APPENDIX

A. Preliminaries

For finite sets A,B with B ⊆ A, χB ∈ {0, 1}A denotes the indicator of B; the standard unit

vector at a ∈ A is χa. For x, y ∈ RA, supp(x) = {a ∈ A : x(a) ∕= 0} is the support of x,

and 〈x, y〉 =
󰁓

a∈A x(a)y(a) is the inner product of x and y. We denote by Π(A) the set of

permutations of A.

For S ⊆ N , A ∈ F(U)n, and a ∈ UN , we write AS =
󰁔

i∈S Ai and aS = (ai)i∈S , as well

as A−S = AN\S and a−S = aN\S . For x ∈ RA, x(·, a−S) ∈ RAS is the restriction of x to the

coordinates in S when fixing the remaining coordinates to a−S . The marginal of p ∈ ∆(A) with

respect to S is pS =
󰁓

a−S∈A−S
p(·, a−S) ∈ ∆(AS). We write uni(B) ∈ ∆(A) for the uniform

distribution on B ⊆ A.

If G is a game on A ∈ F(U)n and π = (π1, . . . ,πn) with πi ∈ Π(Ai), then G ◦ π and p ◦ π

denote the relabelings obtained by applying π coordinatewise. A solution concept is equivariant

if relabeling the actions of a game results in the same relabeling among the returned correlated

strategies.

Definition 4 (Equivariance). A solution concept satisfies equivariance if for each game G on

A and each π = (π1, . . . ,πn) with πi ∈ Π(Ai), f(G ◦ π) = f(G) ◦ π.

Consequentialism implies equivariance: G ◦ π is a blow-up of G with surjection π. We fre-

quently apply equivariance to correlated strategies where the probabilities of all supported

action profiles are the same, and the permutation maps each supported action profile to an-

other supported action profile. This gives a new game for which the same correlated strategy

is returned.

A solution concept is positively homogeneous if it is invariant under scaling the payoffs of all

players by the same positive constant.

Definition 5 (Positive homogeneity). A solution concept f is positively homogeneous if for

each game G and each α > 0, f(G) = f(αG).

Any total, continuous, and convex-valued solution concept that satisfies consistency and

consequentialism contains a positively homogeneous solution concept that inherits any of our

axioms from f . For any such solution concept f , define f̃ for each game G by

f̃(G) =
󰁟

α≥1

f(αG)

and note that f̃ is a refinement of f .

Lemma 1 (Homogeneous refinement). Let f be a total, continuous, and convex-valued solution

concept that satisfies consistency and consequentialism. Then, f̃ is total, continuous, convex-

valued, positively homogeneous, and satisfies consistency and consequentialism. Moreover, if f

satisfies strong consequentialism or (weak) rationality, then f̃ also satisfies that axiom.

13
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Proof. First, we prove that f̃ is total. Let G be a game on A, and let G0 be the game on A

such that Gi ≡ 0 for each i ∈ N . Note that all actions of all players are clones in G0. Hence,

χa ∈ f(G0) for each a ∈ A by totality and consequentialism. Convex-valuedness then implies

that f(G0) = ∆(A). Then for each α ≥ 1,

f(αG) = f(αG) ∩ f(G0) ⊆ f(
1

α
αG+ (1− 1

α
)G0) = f(G)

by consistency, and so f(αG) is a non-increasing family of sets. Totality and continuity imply

that f(αG) is nonempty and closed for each α. Hence, f̃(G) is nonempty.

Second, we prove that f̃ is continuous. Let (Gk)k∈N be a sequence of games on A converging

to G. For each k ∈ N, let pk ∈ f̃(Gk), and assume that (pk)k∈N converges to p ∈ ∆(A). We

need to show that p ∈ f̃(G). To this end, it suffices to show that p ∈ f(αG) for each α ≥ 1.

Now, for each α ≥ 1 and each k, pk ∈ f(αGk) by definition of f̃ . Hence, since f is continuous

and the fact that αGk converges to αG for each α ≥ 1, p ∈ f(αG). Thus, p ∈ f̃(G).

The proof of the remaining claims of the lemma is straightforward.

The second lemma states that a total, positively homogeneous, and convex-valued solution

concept that satisfies consistency and consequentialism is invariant under adding a constant to

the utility function of a player.

Lemma 2 (Adding constants). Let f be a total, positively homogeneous, and convex-valued

solution concept that satisfies consistency and consequentialism. Let G̃ be a game on A such

that G̃i is constant for each i ∈ N . Then, for each game G on A, f(G) = f(G+ G̃).

Proof. By the argument in the proof of Lemma 1 (where f(G0) = ∆(A)), we have f(G̃) = ∆(A).

Consistency and positive homogeneity then imply that f(G) = f(G) ∩ f(G̃) ⊆ f(12G + 1
2G̃) =

f(G+ G̃), and f(G+ G̃) = f(G+ G̃) ∩ f(−G̃) ⊆ f(12(G+ G̃) + 1
2(−G̃)) = f(G).

B. Pure Nash equilibria

We show that every total and continuous solution concept satisfying consistency, consequen-

tialism, and weak rationality returns all pure Nash equilibria. Let NEpure denote the solution

concept that returns all pure strategy Nash equilibria, let NE fs return all full support Nash

equilibria, and let NEQ return all Nash equilibria that assign rational-valued probabilities to

all action profiles. For each game G on A,

NEpure(G) = NE (G) ∩ {χa : a ∈ A}

NE fs(G) = NE (G) ∩ {p ∈ ∆(A) : supp(p) = A}

NEQ(G) = NE (G) ∩QA

Weak rationality requires that dominant actions are played with positive probability. The

first lemma strengthens this: an action that is dominant in a subgame containing the support

of a returned correlated strategy is played with probability 1 in that correlated strategy.

14
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Lemma 3 (Restriction to dominant actions). Let f be a solution concept satisfying consistency,

consequentialism, and weak rationality. Let G be a game on A, p ∈ f(G), and Ã = Ã1 × · · ·×
Ãn ⊆ A such that supp(p) ⊆ Ã. Assume there are j ∈ N and bj ∈ Aj such that Gj(bj , a−j) >

Gj(aj , a−j) for each aj ∈ Aj \ {bj} and each a−j ∈ Ã−j. Then, supp(p) ⊆ {bj}× Ã−j.

Proof. Assume for contradiction that supp(p) ∕⊆ {bj} × Ã−j . We will construct a game on

A where bj is dominant and f returns p, which contradicts weak rationality. Without loss of

generality, j = 1 and N \{j} = {2, . . . , n}. We successively construct games G = G1, G2, . . . , Gn

on A so that bj is dominant when restricting Gi to A[i] × Ã−[i] and p ∈ f(Gi) for each i ∈ [n].

Then, player 1 does not play the dominant action bj with probability 1 in Gn, contradicting

weak rationality.

For i = 1, the statement holds by assumption. Now let i > 1 and assume the statement

holds for all smaller values of i. Hence, there is a game Gi−1 on A and ε > 0 such that

Gi−1
1 (b1, a−1) ≥ Gi−1

1 (a1, a−1) + ε for each a1 ∈ A1 \ {b1} and each a−1 ∈ A−1 with a−[i−1] ∈
Ã−[i−1], and p ∈ f(Gi−1). Let µ = maxa,b∈AGi−1

1 (a) − Gi−1
1 (b). Let Bi ∈ F(U) be disjoint

from Ai with |Bi| > µ
ε |Ai \ Ãi|, and let Âi = Ai ∪ Bi. Fix some âi ∈ Ãi and let Ĝ be a game

on Â = Âi × A−i so that Ĝ is a blow-up of Gi−1 with surjection φ̂ so that φ̂k is the identity

for k ∕= i, and φ̂i is the identity on Ai and maps each action in Bi to âi. In other words, Ĝ is

obtained from Gi−1 by introducing |Bi| clones of âi. Consequentialism implies that p ∈ f(Ĝ).

Let Σ̂i ⊆ ΣÂi
be the set of permutations of Âi that fix Ãi pointwise, and for each k ∕= i,

let Σ̂k ⊆ ΣAk
be the set of permutations of Ak containing only the identity on Ak, and let

Σ̂ = Σ̂1 × · · ·× Σ̂n. Define

Ḡ =
1

|Σ̂|

󰁛

π∈Σ̂

Ĝ ◦ π.

Note that all actions in Âi \ Ãi are clones of each other in Ḡ. Moreover, by the lower bound

on the size of Bi, b1 is dominant when Ḡ is restricted to A[i] × Ã−[i]. Equivariance implies that

p ∈ f(Ĝ ◦ π) for each π ∈ Σ̂, since each such π fixes all action profiles in the support of p.

Hence, it follows from consistency that p ∈ f(Ḡ). Lastly, let Gi be such that Ḡ is a blow-up of

Gi with surjection φ̄ such that φ̄k is the identity for each k ∕= i, and φ̄i is the identity on Ai and

maps each action in Bi to some action in Ai \ Ãi. That is, Gi is obtained from Ḡ by removing

the actions in Bi (all of which are clones of the actions in Ai \ Ãi). Consequentialism implies

that p ∈ f(Gi). Moreover, b1 is dominant when Gi is restricted to A[i] × Ã−[i]. Hence, Gi has

the required properties. This proves the induction step.

Given any game, consider the subgame obtained by the following process: if some player

has a dominant action, eliminate all of their other actions; repeat this step with the reduced

game until no more eliminations are possible. We say that an action profile survives iterated

restriction to dominant actions if it is not eliminated during this process. Lemma 3 shows that

a solution concept satisfying consistency, consequentialism, and weak rationality returns only

correlated strategies that are supported on action profiles that survive iterated restriction to

dominant actions.
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Lemma 4 (Iterated restriction to dominant actions). Let f be a solution concept satisfying

consistency, consequentialism, and weak rationality. Let G be a game on A and let Ã = Ã1 ×
· · ·× Ãn ⊆ A be the action profiles that survive iterated restriction to dominant actions. Then,

f(G) ⊆ ∆(Ã).

Proof. This follows from repeated application of Lemma 3.

If only a single action profile survives iterated restriction to dominant actions, this profile

is the unique Nash equilibrium of the game. Lemma 4 implies that any total solution concept

satisfying consistency, consequentialism, and weak rationality returns this profile and nothing

else. We show that any game with a pure quasi-strict Nash equilibrium is a convex combination

of games for which only this profile survives iterated restriction to dominant actions. Together,

this proves that all pure quasi-strict Nash equilibria are returned.

Lemma 5 (Quasi-strict pure Nash equilibria I). Let G be a game on A and ã ∈ A such that

χã is a pure quasi-strict Nash equilibrium of G. Then, there are games G1, . . . , Gn on A such

that ã is the only action profile that survives iterated restriction to dominant actions in Gi for

each i ∈ [n], and G is a convex combination of G1, . . . , Gn.

Proof. For each j ∈ N , let Ãj = Aj × {ã−j}, and let Ĝj be a game on A so that for each

i ∈ N \ {j}, ãi dominates all actions in Ai \ {ãi}, and for each i ∈ N and a ∈
󰁖

k∈N Ãk,

Ĝj
i (a) = Gi(a)

This is feasible since ã is a pure quasi-strict Nash equilibrium of G. For the same reason, ãj
dominates all actions in Aj \ {ãj} if Ĝj is restricted to Ãj . Note that, by construction, for each

i ∈ N and a ∈
󰁖

k∈N Ãk,
󰁛

j∈N

1

n
· Ĝj

i (a) = Gi(a). (1)

Fix j ∈ N , and let Gj be the game on A so that for each i ∕= j, Gj
i = Ĝj

i , and

Gj
j(a) =

󰀻
󰀿

󰀽
Ĝj

j(a) for a ∈
󰁖

k∈N Ãk, and

n ·Gj(a)−
󰁓

i ∕=j Ĝ
i
j(a) for a ∈ A \

󰁖
k∈N Ãk.

Observe that (1) also holds with Gj in place of Ĝj since both games agree on
󰁖

k∈N Ãk. More-

over, for each i ∕= j, ãi dominates all actions in Ai \ {ãi}, and ãj dominates all actions in

Aj \{ãj} if Gj is restricted to Ãj . Hence, ã is the only action profile in Gj that survives iterated

restriction to dominant actions. Lastly, for each j ∈ N and each a ∈ A \
󰁖

k∈N Ãk,
󰁛

i∈N
Gi

j(a) = Gj
j(a) +

󰁛

i ∕=j

Gi
j(a)

= n ·Gj(a)−
󰁛

i ∕=j

Ĝi
j(a) +

󰁛

i ∕=j

Gi
j(a)

= n ·Gj(a)−
󰁛

i ∕=j

Gi
j(a) +

󰁛

i ∕=j

Gi
j(a)

= n ·Gj(a).
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For a ∈
󰁖

k∈N Ãk, the same equality follows from (1). Hence, G =
󰁓

i∈N
1
nG

i as required.

Lemma 6 (Quasi-strict pure Nash equilibria II). Let f be a total solution concept that satisfies

consistency, consequentialism, and weak rationality. Let G be a game on A and ã ∈ A such that

χã is a pure quasi-strict Nash equilibrium of G. Then, χã ∈ f(G).

Proof. Let G1, . . . , Gn be the games promised by Lemma 5. For each j ∈ N , ã is the only action

profile in Gj that survives the iterated restriction to dominant actions. Hence, by Lemma 4 and

the assumption that f is total, χã ∈ f(Gj) for each j ∈ N . Since G =
󰁓

j∈N
1
n ·Gj , consistency

implies that χã ∈ f(G).

For any pure Nash equilibrium in any game G, there is a sequence of games converging to

G in which that equilibrium is pure and quasi-strict. Hence, any continuous solution concept

that returns pure quasi-strict Nash equilibria returns all pure Nash equilibria. We thus have

the following immediate consequence of Lemma 6.

Proposition 1 (Pure Nash equilibria). Let f be a total and continuous solution concept that

satisfies consistency, consequentialism, and weak rationality. Then, NEpure ⊆ f .

C. Two-player zero-sum games

We show that every total, continuous, and convex-valued solution concept that satisfies consis-

tency, consequentialism, and weak rationality has to return all Nash equilibria for each zero-sum

game in which all but two players are dummy players. Abusing terminology, we say that a game

is zero-sum if there exist positive affine transformations of the players’ utility functions such

that for each action profile, the sum of all players’ payoffs is 0.10

Definition 6 (Zero-sum games). A game G is zero-sum if there are α ∈ Rn
>0 and β ∈ R such

that
󰁓

i∈N αiGi + β ≡ 0.

We say that a player i is a dummy player if i’s payoff is constant and all of i’s actions

are clones. Equivalently, i’s payoff is constant and no player’s payoff depends on i’s action,

irrespective of the other players’ actions. An essentially two-player game is one in which all but

two players are dummies.

Definition 7 (Essentially two-player games). Let G be a game on A. Player i ∈ N is a dummy

player if Gi is constant on A and all actions in Ai are clones. G is an essentially two-player game

if there are j, k ∈ N such that all players in N \ {j, k} are dummy players. If G is an essentially

two-player game and γGj +Gk is constant for some γ > 0, we say that G is (j, k, γ)-zero-sum.

We prove that for any pair of players j, k, there exists some γ > 0 such that f returns all

Nash equilibria in each (j, k, γ)-zero-sum game.

10Any game that is zero-sum in this sense is strategically zero-sum as defined by Moulin and Vial (1978). The

converse is not true.
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Proposition 2 (Nash equilibria of essentially two-player zero-sum games). Let f be a total,

continuous, and convex-valued solution concept that satisfies consistency, consequentialism, and

weak rationality. Then, for all j, k ∈ N , there is γ > 0 such that for each (j, k, γ)-zero-sum

game G, NE (G) ⊆ f(G).

The strategy is to construct more and more essentially two-player zero-sum games for which f

returns some of the Nash equilibria. By consistency, we have succeeded if for each of the games

G in Proposition 2 and each Nash equilibrium p of G, G is a convex combination of games for

which p is a Nash equilibrium and we have established that f returns p.

C.1. Nash equilibria of bistochastic essentially two-player zero-sum games

The first step is to find some nontrivial game for which f returns a full-support Nash equilibrium.

We use the game in which two players play a matching pennies game and all other players are

dummies.

Definition 8 (Matching pennies games). For j, k ∈ N and z ∈ R{j,k}
≥0 , the matching pennies

game between j and k with stakes z is the game Gj,k,z on A with Aj = Ak = {1, 2} and Ai = {0}
for each i ∕= j, k, where for each a ∈ A,

Gj(a) =

󰀻
󰀿

󰀽
zj if aj + ak ≡ 1 (mod 2),

0 otherwise,
and Gk(a) =

󰀻
󰀿

󰀽
zk if aj + ak ≡ 0 (mod 2),

0 otherwise,

and Gi ≡ 0 for each i ∕= j, k. If zj = zk = 1, we write Gj,k for short.

For example, for n = 2,

G1,2 =

󰀣
0, 1 1, 0

1, 0 0, 1

󰀤

The unique coarse correlated equilibrium of any matching pennies game for n = 2 is uniform

randomization over all action profiles. We prove that this uniform distribution is returned.

The proof uses that f is a refinement of NE when restricting to strategies with independent

randomization.

Lemma 7 (Brandl and Brandt, 2024). Let f be a total solution concept that satisfies consis-

tency, consequentialism, and weak rationality. Let G be a game on A, and let p = p1 ⊗ · · ·⊗ pn

with pi ∈ ∆(Ai). Then, p ∈ f(G) implies p ∈ NE (G).

Proof. Theorem 1 of Brandl and Brandt (2024) shows that NE is the unique total solution

concept returning strategies with independent randomization that satisfies consistency, conse-

quentialism, and weak rationality. The proof of their Lemma 1 (used in the proof of their

Theorem 1) remains true for solution concepts that return correlated strategies. The proof of

the part f ⊆ NE of their Theorem 1 assumes that there is p = p1 ⊗ · · · ⊗ pn ∈ f(G) \ NE (G)

and derives a contradiction. Their arguments remain true for solution concepts that return

correlated strategies. Hence, the claim follows.
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Matching pennies games have a useful symmetry—a permutation of the action sets under

which the game is invariant. Indeed, switching the labels of player 1’s actions and player 2’s

actions leaves the game unchanged. Totality, equivariance, and convex-valuedness imply that

f returns a correlated strategy that is invariant under this symmetry. Moreover, the matching

pennies game with zj = 0 or zk = 0 has two pure Nash equilibria. Combined with Proposition 1

and Lemma 7, it follows that f returns the uniform distribution in a matching pennies game

for some stakes.

Lemma 8 (Matching pennies games). Let j, k ∈ N and let f be a total, continuous, and convex-

valued solution concept that satisfies consistency, consequentialism, and weak rationality. Then,

there is z ∈ R{j,k}
>0 such that for each α > 0, uni(A) ∈ f(Gj,k,αz), where Aj = Ak = {1, 2} and

Ai = {0} for each i ∕= j, k.

Proof. We prove the statement for n = 2 and (j, k) = (1, 2) for convenience. The proof of the

general case is the same up to notational changes. By Lemma 1, we may assume that f is

positively homogeneous.

Let G = Gj,k, and let p ∈ f(G), which exists by totality. Let π∗ ∈ Π({1, 2}) be the permuta-

tion that swaps 1 and 2, and let π = (π∗,π∗). Note that G = G ◦ π. Hence, by equivariance,

p◦π ∈ f(G◦π) = f(G). Thus, convex-valuedness implies that p̃ = 1
2p+

1
2(p◦π) ∈ f(G). Observe

that p̃(1, 1) = p̃(2, 2) and p̃(1, 2) = p̃(2, 1), and so there are s, t ∈ [0, 1] such that p̃ = ps,t, where

ps,t =

󰀣
s t

t s

󰀤

If s = t, the statement follows since f is positively homogeneous. Thus, assume without loss of

generality that s > t.

For α,β ≥ 0, let G(α,β) = Gj,k,(α,β).

G(α,β) =

󰀣
0,β α, 0

α, 0 0,β

󰀤

We prove that there is β ∈ [0, 1] such that uni(A) ∈ f(G(1,β)). For each β ∈ [0, 1], there

are sβ , tβ ∈ [0, 1] such that psβ ,tβ ∈ f(G(1,β)). This follows from totality, equivariance, and

convex-valuedness as above. Assume for contradiction that for each β ∈ [0, 1], uni(A) = p
1
4
, 1
4 ∕∈

f(G(1,β)). Then, by continuity and convex-valuedness, s0 > t0. By Proposition 1, χ(1,2),χ(2,1) ∈
f(G(1,0)) since these action profiles are pure Nash equilibria. Let λ ∈ (0, 1) be the (unique)

such number for which q = λps0,t0 + (1− λ)χ(1,2) is a product distribution. That is, q = q1 ⊗ q2

is the product distribution of its marginals q1 and q2, and since s0 > t0, q2(1) < q2(2). In

particular, q is not a Nash equilibrium since q1 is not a best response to q2. Convex-valuedness

implies that q ∈ f(G(1,0)). But this contradicts Lemma 7. Hence, there is β∗ ∈ [0, 1] such that

uni(A) ∈ f(G(1,β∗)).

If β∗ > 0, the statement follows from positive homogeneity. So assume that β∗ = 0 and

uni(A) ∕∈ f(G(1,β)) for each β ∈ (0, 1]. Let β ∈ (0, 1] and recall that sβ > tβ by continuity. By
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Proposition 1 and convex-valuedness, ptβ ,sβ ∈ f(G(1,0)) (note the transposition of sβ and tβ).

Let π1,π2 ∈ Π({1, 2}) such that π1 swaps 1 and 2 and π2 is the identity, and let π = (π1,π2).

Then, psβ ,tβ ∈ f(G(1,0) ◦ π). Observe that

G̃ =
1

2
G(1,β) +

1

2

󰀓
G(1,0) ◦ π

󰀔
=

1

2

󰀣
0,β 1, 0

1, 0 0,β

󰀤
+

1

2

󰀣
1, 0 0, 0

0, 0 1, 0

󰀤
=

1

2

󰀣
1,β 1, 0

1, 0 1,β

󰀤

Consistency implies that psβ ,tβ ∈ f(G̃). Then, it follows from Lemma 2 and positive homogeneity

that psβ ,tβ ∈ f(G(0,1)). Note that, if psβ ,tβ has a convergent subsequence that does not converge

to uni(A) as β converges to 0, we obtain a contradiction to Lemma 7 as above. Thus, it follows

from continuity that uni(A) ∈ f(G(0,1)). Consistency and positive homogeneity then imply that

uni(A) ∈ f(G(1,1)), which suffices by positive homogeneity. This finishes the proof.

A matrix is deterministic if each entry is either 0 or 1, and it is bistochastic if all its entries

are nonnegative and all row and column sums are 1.

Definition 9 (Deterministic and bistochastic matrices). Let A = A1×A2, and let T : A → R≥0.

Then, T is deterministic if T (a) ∈ {0, 1} for each a ∈ A, and T is bistochastic if for each i ∈ {1, 2}
and each a−i ∈ A−i,

󰁓
ai∈Ai

T (ai, a−i) = 1.

Starting from a matching pennies game, we construct more games where the uniform distri-

bution is a Nash equilibrium and f returns this correlated strategy, by blowing-up, permuting

actions, and taking convex combinations. The next two lemmas show that one can use these

operations to reach any bistochastic matrix as the utility function of the first player up to a

positive affine transformation.

Lemma 9 (Building bistochastic matrices). Let k,m ∈ N such that k ≥ 2 and m is a multiple of

k, and let T : [m]2 → R≥0 be bistochastic. Let T̃ : [m]2 → R≥0 be obtained from a deterministic

bistochastic matrix on [k]2 by replacing, for each i ∈ {1, 2}, each ai ∈ [k] by m/k clones. Then,

there are λ ∈ ∆(Π([m])2), α > 0, and β ∈ R such that αT + β =
󰁓

π∈Π([m])2 λπT̃ ◦ π.

Proof. First, consider the case that T is deterministic (i.e., a permutation matrix). Without

loss of generality, T is the identity matrix, and T̃ is obtained by replacing each 1 in the k × k

identity matrix by a block of 1’s of size m/k×m/k. Let λ̃ ∈ RΠ([m])2

≥0 be a vector that assigns a

weight to each pair of permutations of [m] such that λ̃π = 1 if supp(T ) ⊆ supp(T̃ ◦π) and λ̃π = 0

otherwise. That is, λ̃π = 1 if and only if π = (π1,π1 ◦ π2) for some π1,π2 ∈ Π([m]) such that π2
fixes each of the sets {1, . . . ,m/k}, . . . , {m−m/k+1, . . . ,m}. Note that |λ̃| = m!((m/k)!)k, and

let λ = λ̃/|λ̃|. Let T̂ =
󰁓

π λπT̃ ◦π. For each a ∈ [m]2, T̂ (a) = 1 if T (a) = 1, and T̂ (a) = m/k−1
m−1

if T (a) = 0. Thus, letting α = 1 − m/k−1
m−1 and β = m/k−1

m−1 yields the required expression.

The case when T is not necessarily deterministic follows from the fact that every bistochastic

matrix is a convex combination of permutation matrices, and that convex combinations of affine

transformations of a matrix are again affine transformations of that matrix.
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The case of Lemma 9 where k = m and β is required to be 0 (and thus α = 1) is the Birkhoff-

von Neumann theorem. Thus, Lemma 9 can be viewed as a variant of that theorem, where the

basic matrices are blow-ups of smaller permutation matrices rather than honest permutation

matrices.

Using Lemma 9, we show that for any bistochastic matrix T , there exists an essentially two-

player zero-sum game in which the utility function of one non-dummy player is T and the

uniform distribution over all action profiles is a Nash equilibrium and is returned by f .

Lemma 10 (Uniform equilibria of essentially two-player zero-sum games I). Let f be a total,

continuous, and convex-valued solution concept that satisfies consistency, consequentialism, and

weak rationality. Let m,n ∈ N and j, k ∈ N . Then, there is γ > 0 such that for each bistochastic

T : [m]{j,k} → R≥0, there exists a game G on A = [m]{j,k} × {0}N\{j,k} such that for each

a−j,k ∈ A−j,k, Gj(·, a−j,k) = T , Gk(·, a−j,k) = −γT , for each i ∕= j, k, Gi ≡ 0, and uni(A) ∈
f(G) ∩NE (G).

Proof. We prove the statement assuming N = {j, k}. The proof of the general case, i.e., with

n − 2 dummy players, is the same, albeit more notationally heavy. Replacing m by 2m and

using consequentialism, we may assume that 2 divides m. Moreover, by Lemma 1, we may

assume that f is positively homogeneous.

By Lemma 8, there is z ∈ R{j,k}
>0 such that uni(A) ∈ f(Gj,k,αz) for each α > 0. It follows that

there is γ > 0 such that for z = (1, γ), uni(A) ∈ f(Gj,k,z). We write Gz instead of Gj,k,z for

short. Let G̃z be the game on A obtained from Gz by replacing each action in Aj and Ak by

m/2 clones. Consequentialism implies that uni(A) ∈ f(G̃z). Since Gz
j : A → R is deterministic

and bistochastic, it follows from Lemma 9 that there are α > 0, β ∈ R, and λ ∈ ∆(Π([m]){j,k})

such that

αT + β =
󰁛

π∈Π([m]){j,k}

λπ (G̃
z
j ◦ π).

Let Ḡ =
󰁓

π∈Π([m]){j,k} λπ (G̃
z ◦ π). Equivariance and consistency imply that uni(A) ∈ f(Ḡ).

Letting Gβ be the game with Gβ
j ≡ β and Gβ

k ≡ −γβ, and letting G = 1
α(Ḡ − Gβ), we have

that Gj = T and Gk = −γT . Moreover, it follows from Lemma 2 and positive homogeneity

that uni(A) ∈ f(G), and since T is bistochastic, uni(A) ∈ NE (G).

We prove a weaker version of Proposition 2: any total, continuous, and convex-valued solution

concept that satisfies consistency, consequentialism, and weak rationality returns the uniform

distribution over all action profiles in any essentially two-player zero-sum game in which this

correlated strategy is a Nash equilibrium, assuming the payoffs of the two active players have a

fixed ratio.

Lemma 11 (Uniform equilibria of essentially two-player zero-sum games II). Let f be a total,

continuous, and convex-valued solution concept that satisfies consistency, consequentialism, and

weak rationality. Let j, k ∈ N , let γ > 0 be as promised by Lemma 10, and let G be a (j, k, γ)-

zero-sum game on A with uni(A) ∈ NE (G). Then, uni(A) ∈ f(G).
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Proof. To simplify notation, we assume that N = {j, k}; the proof extends straightforwardly to

the general situation. We may assume that f is positively homogeneous by Lemma 1 and that

|Aj | = |Ak| by consequentialism. Moreover, we may assume that Gj(a) ≥ 0 for each a ∈ A and

that γGj +Gk ≡ 0 by Lemma 2.

Observe that all row sums of Gj are equal and all its column sums are equal since uni(A) ∈
NE (G). That is,

󰁓
ak∈Ak

Gj(aj , ak) is independent of aj ∈ Aj , and
󰁓

aj∈Aj
Gk(aj , ak) =

−γ
󰁓

aj∈Aj
Gj(aj , ak) is constant on Ak. Hence, Gj is a nonnegative multiple of a bistochastic

matrix. If Gj ≡ 0, then also Gk ≡ 0, so that all actions in Aj are clones and all actions in

Ak are clones. Thus, uni(A) ∈ f(G) follows from consequentialism. If Gj ∕≡ 0, by positive

homogeneity, we may assume that Gj is bistochastic. It follows from Lemma 10 that there is

a G′ on A with G′
j = Gj , G′

k = −γG′
j , and uni(A) ∈ f(G′) ∩ NE (G′). But then G = G′, and

uni(A) ∈ f(G) follows.

C.2. Reduction to uniform full support Nash equilibria

Lemma 11 shows that the statement Proposition 2 holds for the uniform distribution over all

action profiles. We extend it to arbitrary Nash equilibria in two steps: first, to rational-valued

Nash equilibria that do not necessarily have full support; second, to all Nash equilibria.

Lemma 12 (Reduction to uniform Nash equilibria). Let f be a solution concept that satisfies

consistency, consequentialism, and weak rationality, let j, k ∈ N , and let γ > 0. Assume that

for each (j, k, γ)-zero-sum game G on A with uni(A) ∈ NE (G), uni(A) ∈ f(G). Then, for each

(j, k, γ)-zero-sum game G on A, NEQ(G) ⊆ f(G).

Proof. Assume that N = {j, k}; the general case with n − 2 dummy players follows similarly.

By Lemma 1, we may assume that f is positively homogeneous.

First, observe that for any (j, k, γ)-zero-sum game G and any p ∈ NEQ(G) ∩ NE fs(G), it

follows directly from consequentialism that p ∈ f(G). Indeed, by replacing each action ai of

each player i by a number of clones proportional to pi(ai) and using consequentialism, one can

reduce to the case where p is the uniform distribution, which is covered by assumption. The

remainder of the proof removes the assumption that p has full support.

Let G be a (j, k, γ)-zero-sum game on A and p ∈ NEQ(G). Recall that pj and pk are the

players’ marginals, so that p = pj ⊗ pk. Let Ñ = {i ∈ N : supp(pi) ⊊ Ai} be the set of players

whose strategy does not have full support, and let ñ = |Ñ |. We prove that p ∈ f(G) by

induction (with at most two steps). The base case ñ = 0 holds by assumption. Now assume

that ñ > 0 and the statement holds for all smaller values of ñ. Assume without loss of generality

that j ∈ Ñ .

Step 1 (Gj(aj , pk) = 0 for each aj ∈ Aj). We first assume Gj(·, pk) ≡ 0, i.e., player j’s expected

payoff given p is 0 for each action. Let bj ∈ supp(pj), and let G̃ be the game on Ã, where

Ãj = Aj ∪
󰁖

aj∈Aj\supp(pj){ãj , b
aj
j } for distinct ãj , b

aj
j ∈ U \Aj , Ãk = Ak, and for each i ∈ {j, k}
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and c ∈ A,

G̃i(c) =

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

Gi(c) if cj ∈ Aj

Gi(aj , c−j) if cj = ãj for some aj ∈ Aj \ supp(pj)

2Gi(bj , c−j)−Gi(aj , c−j) if cj = b
aj
j for some aj ∈ Aj \ supp(pj)

That is, G̃ is obtained from G by adding, for each action aj ∈ Aj \ supp(pj), a clone ãj of

aj and a new action b
aj
j that corresponds to a combination of bj and aj . Note that G̃ is a

(j, k, γ)-zero-sum game since G is.

Let p̃j ∈ ∆(Ãj)∩QÃj such that supp(p̃j) = Ãj , for each aj ∈ supp(pj)\{bj}, p̃j(aj) = pj(aj),

and for each aj ∈ Aj \ supp(pj), p̃j(aj) + p̃j(ãj) = p̃j(b
aj
j ). Let p̃ = p̃j ⊗ pk be the product

distribution of p̃j and pk, and observe that p̃ ∈ NEQ(G̃). Thus, by the induction hypothesis p̃ ∈
f(G̃). Let p̂j ∈ ∆(Ãj) such that p̂j(cj) = p̃j(cj) for each cj ∈ supp(pj)∪{b

aj
j : aj ∈ Aj\supp(pj)},

and p̂j(ãj) = p̃j(aj) + p̃j(ãj) for each aj ∈ Aj \ supp(pj). In other words, p̂j is obtained from p̃j

by shifting the probability on aj to ãj . Let p̂ = p̂j ⊗ pk ∈ ∆(Ã). Consequentialism implies that

p̂ ∈ f(G̃).

Let πj ∈ Π(Ãj) be the permutation that swaps ãj and b
aj
j for each aj ∈ Aj \ supp(pj), let πk

be the identity on Ãk, and let π = (πj ,πk). Since p̂j(b
aj
j ) = p̂j(ãj) for each aj ∈ Aj \ supp(pj),

p̂ = p̂ ◦π, and so by equivariance, p̂ ∈ f(G̃ ◦π). Let Ĝ = 1
2G̃+ 1

2G̃ ◦π. Consistency implies that

p̂ ∈ f(Ĝ). Observe that, by construction of G̃j , Ĝ is obtained from G by adding two clones of

bj for each aj ∈ Aj \ supp(pj). Since p̂j(aj) = pj(aj) for each aj ∈ Aj \ {bj}, it follows from

consequentialism that p ∈ f(G).

Step 2 (Gj(aj , p−j) ∕= 0 for some aj ∈ Aj). For each aj ∈ Aj , let αaj = Gj(aj , pk) be player j’s

expected payoff for aj against pk. Note that αaj ≥ αbj for each aj ∈ supp(pj) and bj ∈ Aj . Let

G̃ be the game on A such that for each aj ∈ Aj , G̃j(aj , ·) = − 1
γ G̃k(aj , ·) ≡ αaj . Note that G̃ is

a (j, k, γ)-zero-sum game. Moreover, all actions in Bj = {aj ∈ Aj : αaj ≥ αbj for each bj ∈ Aj}
are clones, and all actions in Ak are clones. Consequentialism and Proposition 1 thus imply

that p ∈ f(G̃).

Let Ḡ = G−G̃. Then, Ḡ is (j, k, γ)-zero-sum, p ∈ NEQ(Ḡ), and for each aj ∈ Aj , Ḡj(aj , pk) =

αaj − αaj = 0. Hence, by Step 1, p ∈ f(Ḡ). Consistency and positive homogeneity imply that

p ∈ f(G). This completes the proof.

Lemma 13 (Reduction to rational-valued Nash equilibria). Let f be a continuous and convex-

valued solution concept, let j, k ∈ N , and let γ > 0. Assume that for each (j, k, γ)-zero-sum game

G on A, NEQ(G) ⊆ f(G). Then, for each (j, k, γ)-zero-sum game G on A, NE (G) ⊆ f(G).

Proof. Assume that N = {j, k}; the proof straightforwardly extends to the general case with

n − 2 dummy players. For each essentially two-player zero-sum game G on A, NE {j,k}(G) =

{(pj , pk) : pj⊗pk ∈ NE (G)} is a convex polytope in ∆(Aj)×∆(Ak). Now fix a (j, k, γ)-zero-sum
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game G on A, and let p ∈ NE (G). Since f(G) is convex, it suffices to consider the case that

p = pj ⊗ pk is the product distribution of pj and pk, where (pj , pk) is a vertex of NE {j,k}(G).

Let (Gℓ)ℓ∈N and (pℓ)ℓ∈N be sequences of (j, k, γ)-zero-sum games and correlated strategies on

A such that the following holds: for each ℓ ∈ N, pℓ ∈ NE (Gℓ), Gℓ
i ∈ QA for each i ∈ N , (Gℓ

i)ℓ∈N

converges to Gi for each i ∈ N , and (pℓ)ℓ∈N converges to p.11 For each ℓ ∈ N, the convex polytope

NE {j,k}(G
ℓ) has rational-valued vertices. Thus, by assumption, pℓ ∈ NEQ(G

ℓ) ⊆ f(Gℓ), and so

p ∈ f(G) by continuity.

Proof of Proposition 2. By Lemma 11, for any j, k ∈ N , there is γ > 0 such that for each

(j, k, γ)-zero-sum game G on A with uni(A) ∈ NE (G), uni(A) ∈ f(G). Then, by Lemma 12

and Lemma 13, for any (j, k, γ)-zero-sum game G on A, NE (G) ⊆ f(G). This completes the

proof.

D. Reduction to zero-sum games

Let f be a total, continuous, and convex-valued solution concept that satisfies consistency,

consequentialism, and rationality. We prove that if f returns all Nash equilibria of essentially

two-player zero-sum games, then f = CE .

Let A = A1× · · ·×An and B ⊂ A. A path of length k in B is a sequence a0, . . . , ak ∈ B such

that for each ℓ ∈ [k], aℓ−1 and aℓ differ in exactly one coordinate. For a, b ∈ B, the distance

between a and b in B is the length of a shortest path from a to b in B, or infinity if there is

no such path; a and b are adjacent if they are at distance 1, i.e., if they differ in exactly one

coordinate. We say that B is connected if there is a path between any two elements of B.

Lemma 14 (Basic decompositions). Let T : A → R and p ∈ ∆(A) such that 〈p, T 〉 = 0. If

supp(p) is connected, then there exist T 1, . . . , T k : A → R such that
󰁓

ℓ∈[k] T
ℓ = T , and for each

ℓ ∈ [k], 〈p, T ℓ〉 = 0 and the support of T ℓ consists of one element of A or two adjacent elements

of supp(p).

Proof. It suffices to prove the statement for the case supp(T ) ⊆ supp(p) since 〈p, T ′〉 = 0 for any

T ′ : A → R that is supported on A \ supp(p). Let B = supp(p), let B+ = {a ∈ B : T (a) > 0},
and let B− = {a ∈ B : T (a) < 0}.

11Theorem 2 of Shapley and Snow (1950) states that if G is a two-player zero-sum game with N = {j, k} and

p ∈ NE(G), then (pj , pk) is a vertex of NE{j,k}(G) if and only if there exists a nonsingular square submatrix

Ĝj of Gj defined by Â = Âj × Âk ⊆ Aj × Ak such that p⊤j =
1⊤Ĝ−1

j

〈1,Ĝ−1
j 1〉

, pk =
Ĝ−1

j 1

〈1,Ĝ−1
j 1〉

, and v = 1

〈1,Ĝ−1
j 1〉

,

where v is the value of G. Moreover, Â contains the support of p, and Âj ⊆ {aj ∈ Aj : Gj(aj , pk) = v}, and

similarly for Âk. Hence, (pj , pk) is also a vertex of NE{j,k}(G
′), where G′ is obtained from G by decreasing

j’s payoff for actions in Aj \ Âj and decreasing k’s payoff for actions in Ak \ Âk, while keeping the game zero

sum. Then, for any p′ ∈ NE(G′), supp(p′) ⊆ Â, and so nonsingularity of Ĝj implies that p is the unique Nash

equilibrium of G′. Perturbing the payoffs of G′ so that all payoffs are rational-valued and using continuity of

NE , we obtain a game close to G for which a correlated strategy close to p is the unique Nash equilibrium.
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Claim 1. Let a ∈ B+ and b ∈ B− minimize the distance in B between elements of B+ and

B−, and let m be that distance. If m > 1, there are v, w : A → R such that T = v + w,

〈p, v〉 = 0 and 〈p, w〉 = 0, the distance between supp(v+) and supp(v−) is smaller than m, the

distance between supp(w+) and supp(w−) is smaller than m, |supp(v)|, |supp(w)| ≤ |supp(T )|,
and supp(v), supp(w) ⊆ B.

Proof of Claim 1. Let a0, . . . , am be a path from a to b in B. Note that T (aℓ) = 0 for each

ℓ ∈ [m− 1] since there is no path from B+ to B− of length at most m− 1 in B. Recall that χa

is the standard unit vector at a ∈ A, and define v = T (a0)χa0 − T (a0)p(a
0)

p(a1)
χa1 and w = T − v.

Then, 〈p, v〉 = 0, and so 〈p, w〉 = 0. Moreover, the shortest path from supp(v+) to supp(v−)

in B has length 1 since a0 and a1 are adjacent in B, and a1, . . . , am is a path from supp(w+)

to supp(w−) in B of length m − 1. Lastly, T = v + w, |supp(v)|, |supp(w)| ≤ |supp(T )|, and

supp(v), supp(w) ⊆ B since a0, . . . , am is a path in B and T is supported in B.

Now we prove the statement of the lemma by induction on |supp(T )|. The base case

|supp(T )| = 0 is trivial. Observe that |supp(T )| = 1 is not possible since supp(T+), supp(T−) ∕= ∅
whenever T ∕≡ 0, 〈p, T 〉 = 0, and supp(T ) ⊆ B. Now consider the case that |supp(T )| ≥ 2, and

assume the statement holds for all smaller support sizes. We run a second induction on the

distance between supp(T+) and supp(T−). Denote this distance by m.

If m = 1, there are a ∈ supp(T+) and b ∈ supp(T−) that are adjacent in B. Consider first the

case that p(a)T (a) ≤ p(b)T (b). Let v = T (a)χa − T (a)p(a)p(b)χb and w = T − v. Then, 〈p, v〉 = 0,

〈p, w〉 = 〈p, T 〉 − 〈p, v〉 = 0, |supp(v)| = 2, and |supp(w)| < |supp(T )|. The statement holds

trivially for v, and it holds for w by the hypothesis of the induction on the support size. Hence,

it also holds for T = v + w. The case p(a)T (a) ≥ p(b)T (b) is analogous.

If m > 1, let v, w be as obtained from Claim 1. Then, the statement holds for v and w by

the hypothesis of the induction on m. Hence, it also holds for T = v +w. This completes both

inductions and thus the proof.

Lemma 15 (From Nash equilibria to correlated equilibria). Let f be a total, continuous, and

convex-valued solution concept that satisfies consistency, consequentialism, and weak rationality.

Assume that for all j, k ∈ N , there is γj,k > 0 such that NE (G) ⊆ f(G) for each (j, k, γj,k)-

zero-sum game G. Let G be a game on A and j ∈ N such that for each i ∕= j, Gi ≡ 0. Then,

CE (G) ⊆ f(G).

Proof. By Lemma 1, we may assume that f is positively homogeneous. We establish a special

case of the lemma first.

Claim 1. Let j ∈ N , G′
j : A → R, bj ∈ Aj , and p ∈ ∆(A) such that for each aj ∕= bj , p(aj , ·) ≡ 0,

〈p(bj , ·), G′
j(aj , ·)〉 ≤ 0, and G′

j(bj , ·) ≡ 0. Then, there exists a game G on A such that Gj = G′
j ,

for each i ∈ N , Gi(bj , ·) ≡ 0, and p ∈ f(G).

Note that p ∈ CE (G).

Proof of Claim 1. We proceed in multiple steps.
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Step 1. First, assume that p is connected and 〈p(bj , ·), G′
j(aj , ·)〉 = 0 for each aj ∈ Aj . For each

aj ∕= bj , let T̂ aj ,1, . . . , T̂ aj ,maj : A−j → R be as obtained from Lemma 14 applied to G′
j(aj , ·)

and p(bj , ·). For ℓ ∈ [maj ], let Gaj ,ℓ be the game on A with G
aj ,ℓ
j (aj , ·) = T̂ aj ,ℓ, for each cj ∕= aj ,

G
aj ,ℓ
j (cj , ·) ≡ 0, and for i ∕= j, define G

aj ,ℓ
i as follows.

• If supp(T̂ aj ,ℓ) = {a−j} for some a−j ∈ supp(G′
j(aj , ·)), let k ∕= j be arbitrary, let

G
aj ,ℓ
k = −γj,kG

aj ,ℓ
j , and for i ∕= j, k, let G

aj ,ℓ
i ≡ 0. Note that a−j ∕∈ supp(p(bj , ·)) since

〈p(bj , ·), T̂ aj ,ℓ〉 = 0. For each c−j ∈ A−j \ {a−j} and each cj ∕= bj , G
aj ,ℓ
j (bj , c−j) =

G
aj ,ℓ
j (cj , c−j) = 0, and so χ(bj ,c−j) is a pure Nash equilibrium of Gaj ,ℓ for each such c−j .

Thus, p is in the convex hull of the pure Nash equilibria of Gaj ,ℓ, and so by Proposition 1

and convex-valuedness, p ∈ f(Gaj ,ℓ).

• If supp(T̂ aj ,ℓ) = {a−j , b−j} for adjacent a−j , b−j ∈ supp(p(bj , ·)), let k ∕=
j such that a−j,k = b−j,k, let G

aj ,ℓ
k = −γj,kG

aj ,ℓ
j , and for i ∕= j, k,

let G
aj ,ℓ
i ≡ 0. Note that Gaj ,ℓ is a (j, k, γj,k)-zero-sum game. Let

p̂ = 1
p(bj ,a−j)+p(bj ,b−j)

󰀓
p(bj , a−j)χ(bj ,a−j) + p(bj , b−j)χ(bj ,b−j)

󰀔
∈ ∆(A). Since

〈p(bj , ·), G
aj ,ℓ
j (aj , ·)〉 = 0 and G

aj ,ℓ
k (bj , ·) ≡ 0, it follows that p̂ ∈ NE (Gaj ,ℓ). More-

over, for each c−j ∈ A−j \ {a−j , b−j}, χ(bj ,c−j) is a pure Nash equilibrium of Gaj ,ℓ since

G
aj ,ℓ
j (bj , c−j) = G

aj ,ℓ
j (cj , c−j) = 0 for each cj ∈ Aj , and so χ(bj ,c−j) ∈ f(Gaj ,ℓ) by Propo-

sition 1. Hence, p ∈ f(Gaj ,ℓ) by convex-valuedness.

Let G =
󰁓

aj ∕=bj

󰁓
ℓ∈[maj ]

Gaj ,ℓ. By consistency and positive homogeneity, p ∈ f(G), and G

has the properties stated in Claim 1 by construction.

Step 2. Second, we generalize to 〈p(bj , ·), G′
j(aj , ·)〉 ≤ 0 for each aj ∕= bj . Let α ∈ RAj such

that for each aj ∈ Aj , αaj = 〈p(bj , ·), G′
j(aj , ·)〉 ≤ 0. Let Ĝ be the game on A such that for

each aj ∈ Aj , Ĝj(aj , ·) ≡ αaj , and for each i ∕= j, let Ĝi ≡ 0. Note that for each aj ∈ Aj ,

〈p(bj , ·), G′
j(aj , ·)− Ĝj(aj , ·)〉 = 0. By Step 1 applied to G′

j − Ĝj , there is G̃ with the properties

stated in Claim 1. Moreover, in Ĝ, for each i ∕= j, all actions in Ai are clones, and for each

aj ∕= bj , Ĝj(aj , ·) ≤ Ĝj(bj , ·). Hence, for each a−j ∈ A−j , (bj , a−j) is a pure Nash equilibrium

of Ĝ, and so p ∈ f(Ĝ) by Proposition 1 and convex-valuedness. Consistency and positive

homogeneity then imply that p ∈ f(G̃+ Ĝ), and so G̃+ Ĝ is as required by Claim 1.

Step 3. Third, we remove the assumption that p is connected. Observe that, by consistency and

positive homogeneity, it suffices to prove Claim 1 under the assumption that there is cj ∈ Aj

such that G′
j(aj , ·) ≡ 0 for each aj ∕= bj , cj .

We first prove this statement if Aj = {bj , cj}. By continuity, we may assume that

〈p(bj , ·), G′
j(cj , ·)〉 < 0 with a strict inequality. Hence, there is a−j ∈ A−j such that

G′
j(bj , a−j) > G′

j(cj , a−j), and so there is p̂ ∈ CE (G) such that supp(p̂) = {bj} × A−j (e.g.,

any p̂ with probability sufficiently close to 1 on a−j works). For each ε > 0, (1 − ε)p + εp̂

is connected, and so (1 − ε)p + εp̂ ∈ f(G) by Step 2. Then, since f is continuous and thus

closed-valued, p ∈ f(G).
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Now consider the case |Aj | > 2. Let G̃′
j and p̃ be the restrictions of G′

j and p to {bj , cj}×A−j .

Let G̃ be the game on {bj , cj}× A−j obtained by applying Claim 1 to G̃′
j and p̃. Then, if G is

the game on A obtained from G̃ by replacing bj by |Aj |−1 clones, G has all required properties

by consequentialism. This finishes the proof of Claim 1.

We use Claim 1 to prove the lemma. Let G be a game on A and j ∈ N such that for each

i ∕= j, Gi ≡ 0, and let p ∈ CE (G). For each bj ∈ Aj with p(bj , ·) ∕≡ 0, let pbj ∈ ∆(A) such that

pbj (bj , ·) = p(bj ,·)
|p(bj ,·)| . Thus, pbj (bj , ·) is the correlated strategy of agents other than j if j receives

the signal bj .

Fix bj ∈ Aj with p(bj , ·) ∕≡ 0. We decompose G into three types of games.

• First, let G′
j : A → R such that for each aj ∈ Aj , G′

j(aj , ·) = Gj(aj , ·)−Gj(bj , ·). Let Gbj

be the game on A obtained by applying Claim 1 to j, G′
j , bj , and pbj . The hypotheses

hold since p is a correlated equilibrium of G. By the claim, Gbj
j = G′

j and pbj ∈ f(Gbj ).

• Second, for each k ∕= j, let Ḡbj ,k be the game on A such that Ḡ
bj ,k
k = −G

bj
k , and for each

i ∕= k, Ḡbj ,k
i ≡ 0. Then, for each a−j ∈ A−j , χ(bj ,a−j) is a pure Nash equilibrium of Ḡbj ,k

since Ḡ
bj ,k
k (bj , ·) ≡ 0. Hence, by Proposition 1 and convex-valuedness, pbj ∈ f(Ḡbj ,k).

• Third, let G̃bj be the game on A such that for each aj ∈ Aj , G̃
bj
j (aj , ·) ≡ Gj(bj , ·), and

for each i ∕= j, G̃
bj
i ≡ 0. Note that each action profile is a pure Nash equilibrium of

G̃bj . Hence, by Proposition 1 and convex-valuedness, f(G̃bj ) = ∆(A). In particular,

pbj ∈ f(G̃bj ).

Observe that G = Gbj +
󰁓

k ∕=j Ḡ
bj ,k + G̃bj . Consistency and positive homogeneity imply that

pbj ∈ f(G).

Since pbj ∈ f(G) for each bj ∈ Aj with p(bj , ·) ∕≡ 0, convex-valuedness implies that p ∈ f(G)

as required.

It is straightforward to remove the assumption that Gi ≡ 0 for all i ∕= j from Lemma 15 using

consistency.

E. f = CE

We prove Theorem 1. The first lemma shows that CE satisfies all of the axioms.

Lemma 16 (CE satisfies the axioms). CE satisfies totality, continuity, convex-valuedness,

consistency, consequentialism, and rationality.

Proof. CE is total since it is a coarsening of NE . For every game G on A, CE (G) is defined

by linear constraints, and the constraints depend linearly on G. Thus, CE is continuous and

convex-valued, and it satisfies consistency. CE satisfies consequentialism since adding clones

only introduces redundant constraints. Lastly, CE satisfies rationality since if ai is dominated

by bi, player i prefers bi to ai when recommended to play ai.
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Lemma 17 (Containment in CE ). Let f be a total, continuous, and convex-valued solution

concept that satisfies consistency, consequentialism, and rationality. Assume that for all j, k ∈
N , there is γj,k > 0 such that NE (G) ⊆ f(G) for each (j, k, γj,k)-zero-sum game G. Then,

f ⊆ CE .

Proof. Assume for contradiction that there is a game G on A such that f(G) \CE (G) ∕= ∅, and

let p ∈ f(G) \ CE (G). Then, there are j ∈ N , bj , cj ∈ Aj , and 󰂃 > 0 such that

〈p(cj , ·), Gj(cj , ·)−Gj(bj , ·) + 󰂃1〉 < 0 (2)

That is, j can increase its payoff by more than 󰂃 by playing bj instead of cj when receiving

the signal cj . By introducing a clone of bj and using consequentialism, we may assume that

p(bj , ·) ≡ 0. Let

A−
j = {aj ∈ Aj : 〈p(aj , ·), Gj(cj , ·)−Gj(bj , ·) + 󰂃1〉 < 0}, and

A+
j = {aj ∈ Aj : 〈p(aj , ·), Gj(cj , ·)−Gj(bj , ·) + 󰂃1〉 ≥ 0}

That is, A−
j is the set of actions aj of j so that if the signal is aj , then the payoff for bj is higher

than that of cj by more than 󰂃. Note that bj ∈ A+
j (since p(bj , ·) ≡ 0), and that cj ∈ A−

j by

(2). Let Ĝ be the game on A such that for each aj ∈ A−
j , Ĝj(aj , ·) ≡ 0, for each aj ∈ A+

j ,

Ĝj(aj , ·) = Gj(cj , ·) −Gj(bj , ·) + 󰂃1, and for each i ∕= j, Ĝi ≡ 0. Observe that A−
j and A+

j are

sets of clones in Ĝ, respectively. Then, p ∈ CE (Ĝ) by definition of A−
j and A+

j , and p ∈ f(Ĝ)

by Lemma 15.

To conclude, let Ḡ = 1
2G+ 1

2Ĝ. Consistency implies that p ∈ f(Ḡ). Note that bj dominates

cj in Ḡ. Since p(cj , ·) ∕≡ 0 by (2), this contradicts rationality.12

Proof of Theorem 1. By Lemma 16, CE satisfies the axioms. It remains to show that CE is the

only such solution concept.

By Proposition 2, for all j, k ∈ N , there is γj,k > 0 such that NE (G) ⊆ f(G) for each

(j, k, γj,k)-zero-sum game G. Then Lemma 17 implies that f ⊆ CE . To show that CE ⊆ f ,

let G be a game on A, and let p ∈ CE (G). For each j ∈ N , let Gj be the game on A with

Gj
j = nGj , and for each i ∕= j, Gj

i ≡ 0. Note that G = 1
n

󰁓
j∈N Gj , and for each j ∈ N ,

p ∈ CE (Gj). Lemma 15 implies that p ∈ f(Gj) for each j ∈ N . Thus, p ∈ f(G) by consistency,

concluding the proof.

F. Characterization of CCE

Lemma 18 (CCE satisfies the axioms). CCE satisfies totality, continuity, convex-valuedness,

consistency, strong consequentialism, and weak rationality.

12Note that this is the only step in the proof of Theorem 1 for which the additional strength of rationality over

weak rationality is needed.
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Proof. Totality, continuity, convex-valuedness, and consistency follow from arguments similar

to those used in Lemma 16 to show that CE has these properties. CCE satisfies strong conse-

quentialism since for any game G, whether a correlated strategy satisfies the constraints defining

CCE (G) does not depend on how probability is distributed over clones. Lastly, CCE satisfies

weak rationality since if bi is a dominant action, player i’s expected utility of committing to bi

is higher than that of always following their recommendation for any correlated strategy.

Lemma 19 (Containment of CCE ). Let f be a total, continuous, and convex-valued solution

concept that satisfies consistency, strong consequentialism, and weak rationality. Then, CCE ⊆
f .

Proof. By Lemma 1, we may assume that f is positively homogeneous. Several times during

the proof, we use that CE (G) ⊆ f(G) for any game G by Lemma 15 and Proposition 2. Let G

be a game on A, and let p ∈ CCE (G). We prove that p ∈ f(G). By consistency and positive

homogeneity, we may assume that there is i ∈ N such that Gj ≡ 0 for all j ∕= i.

First, consider the case that Gi ∈ QA. Let p be a vertex of the convex polytope CCE (G),

and note that p ∈ ∆Q(A). Strong consequentialism allows reducing to a simpler situation.

Claim 1. We may assume that there is B ∈ F(U) such that for each i ∈ N , B ⊆ Ai, and

p = uni(D), where D = {(b, . . . , b) : b ∈ B} is the diagonal in Bn.

Proof of Claim 1. Choose k ∈ N such that kp(a) ∈ N0 for each a ∈ A. Let B ∈ F(U) be disjoint

from
󰁖

j∈N Aj with |B| = k. Since
󰁓

a∈A kp(a) = k, we can fix a map σ : B → A such that for

each a ∈ A,

|σ−1(a)| = kp(a)

For each j ∈ N , let Ãj = Aj ∪B and Ã = Ã1 × · · ·× Ãn. Let φ : Ã → A be the surjection such

that for each j ∈ N , φj(aj) = aj for each aj ∈ Aj and φj(b) = σ(b)j for each b ∈ B. Let G̃ be

the game on Ã given by G̃ = G ◦ φ, so that G̃ is a blow-up of G with surjection φ. Intuitively,

for each action a ∈ A, we add kp(a) clones of aj for each j.

Let p̃ = uni(D). For any a ∈ A,

φ∗(p̃)(a) =
󰁛

ã∈φ−1(a)

p̃(ã) =
1

|B| |{b ∈ B : σ(b) = a}| = kp(a)

k
= p(a)

and so φ∗(p̃) = p. Since CCE and f both satisfy strong consequentialism, p ∈ CCE (G) if and

only if p̃ ∈ CCE (G̃), and p ∈ f(G) if and only if p̃ ∈ f(G̃).

The triple (G̃, Ã, p̃) has the properties claimed in Claim 1. Relabeling this triple to (G,A, p)

finishes the proof.

If |B| = 1, then p ∈ CE (G) ⊆ f(G) and we are done. For the rest of the proof, assume that

|B| ≥ 2. We show that G can be written as a convex combination of three types of games.

For each such game, f returns p as a consequence of CE ⊆ f and strong consequentialism.

Consistency then implies that p ∈ f(G).

For b∗ ∈ B, let Ã = ({b∗} ∪ (Ai \B))×A−i, and let G̃∗ be the game on Ã such that
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(i) G̃∗
i (b

∗, b, . . . , b) = Gi(b, . . . , b) for each b ∈ B,

(ii) G̃∗
i (b

∗, a−i) = 0 for each a−i ∈ A−i \D−i,

(iii) G̃∗
i (a) = Gi(a) for each a ∈ A with ai ∈ Ai \B, and

(iv) G̃∗
j ≡ 0 for each j ∕= i.

Let p̃ = uni(D̃), where D̃ = {b∗} × D−i. Observe that i’s payoff for p̃ in G̃∗ equals i’s payoff

for p in G. Since p ∈ CCE (G), it follows that p̃ ∈ CE (G̃∗) ⊆ f(G̃∗). Let G̃ = G̃∗ ◦ φ be the

blow-up of G̃∗ with surjection φ : A → Ã, where φ−1
i (b∗) = B, φi is the identity on Ai \B, and

for each j ∕= i, φj is the identity on Aj . That is, G̃ is obtained from G̃∗ by replacing b∗ by |B|
clones. Strong consequentialism and p̃ ∈ f(G̃∗) imply that p ∈ f(G̃). Note that G̃i agrees with

Gi on D and on (Ai \B)×A−i.

Let c, c′ ∈ B be distinct, and let G̃c be the game on Ãc = ({c, c′}∪ (Ai \B))×A−i such that

(i) G̃c
i (c, b, . . . , b) = Gi(c, b, . . . , b)−Gi(b, . . . , b) for each b ∈ B,

(ii) G̃c
i (c, a−i) = 0 for each a−i ∈ A−i \D−i,

(iii) G̃c
i (a) = 0 for each a ∈ Ãc with ai ∈ {c′} ∪ (Ai \B), and

(iv) G̃c
j ≡ 0 for each j ∕= i.

Let p̃c = uni({(c, . . . , c)} ∪ {(c′, b, . . . , b) : b ∈ B \ {c}}) ∈ ∆(Ãc). Since p ∈ CCE (G), we have
󰁓

b∈B p(b, . . . , b) (Gi(b, . . . , b)−Gi(c, b, . . . , b)) ≥ 0. That is, player i cannot profitably deviate

to c before observing their recommendation in G. Hence, player i cannot profitably deviate to c

when their recommendation is c′ in G̃c. Moreover, G̃c
i (ai, c, . . . , c) = 0 for each ai ∈ Ãc

i , and so

player i cannot profitably deviate to any other action when their recommendation is c. Hence,

p̃c ∈ CE (G̃c) ⊆ f(G̃c). Let Gc = G̃c ◦φ be the blow-up of G̃c with surjection φ : A → Ãc, where

φ−1
i (c′) = B \ {c}, φi is the identity on (Ai \B) ∪ {c}, and for each j ∕= i, φj is the identity on

Aj . Strong consequentialism implies that p ∈ f(Gc).

Lastly, let Ĝ be the game on A with

(i) Ĝi(a) = 0 for each a ∈ A with ai ∈ B and a−i ∈ D−i,

(ii) Ĝi(a) = Gi(a) for each a ∈ A with ai ∈ B and a−i ∕∈ D−i,

(iii) Ĝi(a) = 0 for each a ∈ A with ai ∈ Ai \B, and

(iv) Ĝj ≡ 0 for each j ∕= i.

Since Ĝi(a) = 0 for each a ∈ A with a−i ∈ D−i, it follows that p ∈ CE (Ĝ) ⊆ f(Ĝ).

Observe that G = G̃+ Ĝ+
󰁓

c∈B Gc. Thus, consistency and positive homogeneity imply that

p ∈ f(G). This shows that f(G) contains all vertices of CCE (G), and thus that CCE (G) ⊆ f(G)

by convex-valuedness.
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Second, consider the general case Gi ∈ RA, and let p be a vertex of CCE (G). By convex-

valuedness, it suffices to prove that p ∈ f(G). There exist sequences of games (Gt)t∈N on A and

(pt)t∈N ⊆ ∆Q(A) such that, for each t ∈ N, Gt
i ∈ QA, Gt

j ≡ 0 for all j ∕= i, and pt ∈ CCE (Gt)

and Gt
i → Gi and pt → p.13 Then it follows from the first part that pt ∈ f(Gt) for each t ∈ N,

and thus p ∈ f(G) by continuity. This finishes the proof.

Lemma 20 (Containment in CCE ). Let f be a total, continuous, and convex-valued solution

concept that satisfies consistency, strong consequentialism, and weak rationality. Then, f ⊆
CCE .

Proof. Assume for contradiction that f ∕⊆ CCE . Then, there exists a game G on A, p ∈ f(G),

i ∈ N , a∗i ∈ Ai, and ε > 0 such that

󰁛

a∈A
p(a) (Gi(a)−Gi(a

∗
i , a−i)) < −ε (3)

That is, i can increase its payoff by more than ε by deviating to a∗i before observing its signal.

We use strong consequentialism to construct a game G̃ on Ã and a correlated strategy p̃ ∈
f(G̃) \ CCE (G̃) such that for each a−i ∈ Ã−i, there is at most one action ai ∈ Ãi with

p̃(ai, a−i) > 0. This step is similar to the proof of Claim 1 in Lemma 19.

Let B ∈ F(U) be disjoint from
󰁖

j∈N Aj and |B| = |A|. Fix a bijection σ : B → A. Let

Ã = (A1∪B)× · · ·× (An∪B), and let G̃ = G◦φ be the blow up of G with surjection φ : Ã → A

such that for each j ∈ N and aj ∈ Aj , φ−1
j (aj) = {aj} ∪ {b ∈ B : aj = σ(b)j}. That is, for each

action aj of each player j, we add |A|/|Aj | = |A−j | clones of aj labeled σ−1(aj , a−j), where a−j

ranges over A−j . Let p̃ ∈ ∆(Ã) such that for each b ∈ B, p̃(b, . . . , b) = p(σ(b)). Hence, p̃ is

supported on the diagonal D = {(b, . . . , b) : b ∈ B} of Bn. By construction, φ∗(p̃) = p, and so

p̃ ∈ f(G̃) by strong consequentialism. By (3),

󰁛

b∈B
p̃(b, . . . , b)

󰀓
G̃i(b, . . . , b)− G̃i(a

∗
i , b, . . . , b)

󰀔
< −ε (4)

Let C > maxa,a′∈A
󰀃
Gi(a) − Gi(a

′)
󰀄

be a number larger than the maximal payoff difference

between any two action profiles of i. Let Ĝ be the game on Ã such that

(i) Ĝi(b, . . . , b) = G̃i(a
∗
i , b, . . . , b)− G̃i(b, . . . , b)− ε for each b ∈ B,

(ii) Ĝi(a
∗
i , ·) ≡ 0,

(iii) Ĝi(a) = −C for each a ∈ Ã \D with ai ∕= a∗i , and

13This follows from a standard continuity property of solutions to linear programs and the fact that CCE(G) is

the set of solutions to a system of linear constraints. For A ∈ Rm×n and b ∈ Rm, let P = {x ∈ Rn : Ax ≤ b}
and let x be a vertex. Then some set of constraints J ⊆ [m] with |J | = n is tight at x and AJ is nonsingular,

hence x = A−1
J bJ . Let δ = mink/∈J(bk − a⊤

k x) > 0. Approximate (A, b) by rationals (At, bt) → (A, b) so that

for all large t, At
J stays nonsingular and the perturbation is small compared to δ. Set xt = (At

J)
−1btJ . Then

xt → x and, for t large, the constraints in J are tight at xt while all others remain slack; thus xt is a basic

feasible solution of P t = {x : Atx ≤ bt}, which has only rational-valued constraints.
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(iv) Ĝj ≡ 0 for each j ∕= i.

Then, p̃ ∈ CCE (Ĝ) ⊆ f(Ĝ) by (4) and Lemma 19.

Consistency implies that p̃ ∈ f(12G̃+ 1
2Ĝ). Note that a∗i is a dominant action for i in 1

2G̃+ 1
2Ĝ,

and p̃(a∗i , ·) ≡ 0. This contradicts weak rationality.

Theorem 2 is immediate from Lemma 19 and Lemma 20.
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